Abstract. In this paper we consider univalent subordination chains in reflexive complex Banach spaces, allowing the chains to be normalized in terms of a positive linear operator. Related adaptations in the generalized Loewner differential equation and in the notion of parametric representation are also considered. The results in this paper are generalizations to reflexive complex Banach spaces of classical and recent results in the theory of Loewner chains and the Loewner differential equation on the unit ball in C n . Finally, we conclude with certain open problems and conjectures.
Introduction
The aim of this paper is to generalize certain results in Loewner theory from C n to the case of reflexive complex Banach spaces. It is known that many classical results in the theory of holomorphic mappings of several complex variables do not hold in infinite dimensional complex Banach spaces. For example, Montel's theorem does not hold in the infinite dimensional setting (see [38] ) (but surprisingly, Vitali's theorem does; see [38] ). On a domain in C n , any univalent (holomorphic and injective) mapping into C n is also biholomorphic. However, this result is no longer true in infinite dimensional complex Banach spaces. For example, if f : . .) for x = (x 1 , x 2 , . . .) ∈ 2 , then f is univalent on the unit ball of 2 , but is not biholomorphic, since Df (0) = 0 (see [50] ). In particular, on a domain in C n any univalent mapping is open. Heath and Suffridge [37] gave an example of a univalent mapping on the unit ball B of a complex Banach space which is not biholomorphic, f (B) contains an open set, but f (B) is not open. Moreover, there exist biholomorphic mappings on the unit ball B of an infinite dimensional complex Banach space X which are not bounded on the closed ball B r for r ∈ (0, 1) (see Example 3.19) . In this paper, we shall consider to what extent such phenomena require changes in the development of Loewner theory.
Subordination chains in several complex variables were first studied by Pfaltzgraff [42] . He generalized to higher dimensions the Loewner differential equation and developed existence and uniqueness theorems for its solutions. The existence and regularity theory (including changes in normalization such as those considered in this paper) has been considered by several authors, and applications have been given to the characterization of subclasses of biholomorphic mappings, univalence criteria, geometric characterizations of biholomorphic mappings with parametric representation (see [15] , [20] , [21] , [23] , [24] , [25] , [27] , [29] , [44] , [45] , [51] ). A new approach to Loewner theory in the unit disc and complete hyperbolic complex manifolds, based on iteration and semigroup theory, may be found in [2] , [3] , [4] , [7] , [8] , [9] , [12] , [34] .
The main results of this paper can be summarized as follows. Notation is explained in Section 2.
Theorem 1.1. Let X be a reflexive complex Banach space and let h = h(z, t) : B × [0, ∞) → X be a generating vector field such that Dh(0, t) = A, t ≥ 0, where A ∈ L(X) is such that k + (A) < 2m(A). Then the following statements hold:
(i) For each s ≥ 0 and z ∈ B, the initial value problem (ii) Conversely, assume that there exists a standard solution f (z, t) = e tA z+· · · of the generalized Loewner differential equation
h(v, t) a.e. t ≥ s, v(z, s, s) = z, has a unique solution v = v(z, s, t) such that v(·, s, t) is a univalent Schwarz mapping, v(z, s, ·) is Lipschitz continuous on
∂f ∂t (z, t) = Df (
z, t)h(z, t), t ∈ [0, ∞) \ E, ∀z ∈ B,
where E is a subset of [0, ∞) of measure zero. Also, assume that for each r ∈ (0, 1), there is M = M (r, A) > 0 such that e −tA f (z, t) ≤ M (r, A) for z ≤ r and t ≥ 0. Then f (z, t) is an A-normalized univalent subordination chain and (1.1) holds.
Preliminaries
Let X be a complex Banach space with respect to a norm · . Let B r be the open ball centered at zero and of radius r, and let B be the open unit ball in X. Let B r be the closed ball centered at zero and of radius r. Also let U (ζ, r) be the unit disc in the complex plane of center ζ and radius r, and let U be the unit disc. We denote by L(X, Y ) the set of continuous linear operators from X into another complex Banach space Y with the standard operator norm. The space L(X, X) is denoted by L(X). Let I be the identity in L(X). Let Ω be a domain in X and f : Ω → X be a mapping. We say that f is holomorphic if for each z ∈ Ω there is a mapping Df (z) ∈ L(X) such that
Let H(Ω) be the set of holomorphic mappings from Ω into X. A mapping f ∈ H(Ω) is said to be biholomorphic if f (Ω) is a domain, and the inverse f −1 exists and is holomorphic on f (Ω). A mapping f ∈ H(Ω) is said to be locally biholomorphic if each z ∈ Ω has a neighborhood V such that f | V is biholomorphic. A holomorphic and injective mapping on Ω will be said to be univalent. A mapping f ∈ H(B) is said to be normalized if f (0) = 0 and Df (0) = I. Let S(B) be the set of normalized biholomorphic mappings from B into X (which is not the same as the set of normalized univalent mappings from B into X). Also, let S * (B) be the subset of S(B) consisting of starlike mappings. In contrast to the finite dimensional case, in infinite dimensions there exist univalent mappings which are not biholomorphic (see [37] , [49] and [50] ).
For z ∈ X \ {0}, we define
be the numerical radius of the operator A. Then A ≤ e|V (A)| ( [35] ; see also [6] and [36] ). The upper exponential index of A is defined by
where σ(A) is the spectrum of A. Also, let [13] ; see also [18] and [48, p. 311] . Also, in view of (2.1), we easily deduce that 
and
It is known that if P m : X → X is a homogeneous polynomial mapping of degree m, then
for m > 1 and k 1 = e (see [35, Theorem 1] ). (In the case of complex Hilbert spaces, one can take k 1 = 2.) Here |V (P m )| is the numerical radius of P m given by
We recall the following classes of auxiliary mappings in H(B):
In one complex variable, we have f ∈ M if and only if f (z)/z ∈ P, where
is the Carathéodory class. For various applications of these classes in the theory of biholomorphic mappings in C n and complex Banach spaces, see [15] , [20] , [23] , [24] , [25] , [27] , [31] , [32] , [33] , [42] , [47] , [50] .
Gurganus ([30] ; cf. [42] ) obtained the following estimates for the class N .
Lemma 2.4 below (cf. [32] , [20, Lemma 1.2] ) is a deeper growth theorem with the same hypotheses as in Lemma 2.3. The subset of N consisting of those mappings h ∈ N for which License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms Proof. In view of [32, Lemma 2] , it follows that for each r ∈ (0, 1), there is a constant M (r) > 0 such that h(z) ≤ M (r) for z ≤ r. Thus, h is bounded on B r for r ∈ (0, 1). Next, fix r ∈ (0, 1). Taking into account [19, Proposition II.4.10] , the mapping h has the power series expansion
Using arguments similar to those in the proof of [20, Theorem 1.2], we deduce that P m ≤ 4m|V (A)| for m ≥ 2, and
Another notion that will occur in the next section is that of spirallikeness with respect to a given operator ( [50] ; cf. [30] ).
Also let Ω be a domain in X which contains the origin. We say that Ω is spirallike with respect to A if e −tA (w) ∈ Ω, for all w ∈ Ω and t ≥ 0.
A mapping f ∈ S(B) is said to be spirallike with respect to A if f (B) is a spirallike domain with respect to A.
Note that if A = I in Definition 2.5, we obtain the usual notion of starlikeness.
Remark 2.6. It is well known that a normalized locally biholomorphic mapping f on B is spirallike with respect to A if and only if (see [50] ; cf. [30] )
Various results related to spirallike mappings with respect to a linear operator may be found in [16] , [18] , [24] , [25] , [47] , [48] .
We next consider the notions of subordination and subordination chain on the unit ball B in X.
is a univalent subordination chain. Also, if f (z, t) is a univalent subordination chain such that Df (0, t) = e tA for t ≥ 0, where A ∈ L(X), we say that f (z, t) is an A-normalized univalent subordination chain. If A = I, then an I-normalized univalent subordination chain will be called a Loewner chain.
The above subordination condition implies the existence of a Schwarz mapping v = v(z, s, t), called the transition mapping associated with f (z, t), such that
Note that if f (z, t) is a univalent subordination chain, then the transition mapping v(z, s, t) of f (z, t) is also univalent on B and has the semigroup property
The above property combined with the fact that v(z, s, t) ≤ z yields that
For the rest of this paper, we assume that X is a reflexive complex Banach space. (In particular, the results in this paper remain true in any complex Hilbert space.) Then we may apply the following result due to Komura [40] . 
In this paper, we consider the notions of A-normalized univalent subordination chain and A-parametric representation on the unit ball of a reflexive complex Banach space X, where A ∈ L(X) satisfies the condition k + (A) < 2m(A). Note that A-normalized univalent subordination chains have been recently investigated in [24] , in the case X = C n (see also [2] , [31] and [51]).
A-normalized univalent subordination chains and the generalized Loewner differential equation
We begin this section with the following existence and uniqueness result, which is a generalization to reflexive complex Banach spaces of [24 
Then for each s ≥ 0 and z ∈ B, the initial value problem
Proof. As in the proof of [42, Theorem 2.1], we shall apply the classical method of Picard iteration to construct the solution. Fix s ≥ 0 and r ∈ (0, 1). We shall prove that if z ∈ B r and s ≥ 0, then the initial value problem (3.1) has a unique solution on each interval [s, T ] for T > s.
In view of Lemma 2.4 and the hypothesis, we deduce that for each r ∈ (0, 1), there is K = K(r, A) > 0 such that
Using the Cauchy integral formula for holomorphic mappings and the above relation, we deduce that there exists a constant M = M (r, A) > 0 such that 
We next prove that v m (z, t) ∈ B R for t ∈ [s, s+c] and m = 0, 1, . . . . We assume by the method of mathematical induction that
and hence v m (z, t) ≤ R, as desired. Next, using the relations (3.4) and (3.5), we easily obtain by induction that
Since X is complete, we deduce that the mapping
is well-defined on [s, s + c]. Also, since the above convergence is uniform on B r , it follows in view of the Weierstrass theorem for holomorphic mappings in complex Banach spaces (see [38, Theorem 3.18 .1]) that v(z, t) is holomorphic with respect to z, and is strongly continuous with respect to t ∈ [s, s + c] as the uniform limit of strongly continuous mappings. Taking into account (3.6) and [38, Theorem 3.7 .7], we deduce that v(z, t) satisfies the integral equation 
Indeed, let z ∈ B r be fixed. Since v(z, J) and H(z, J) are compact subsets of X,
, we may assume that X is separable as in the proof of [40, Lemma] . Therefore, the dual space X * has a countable weakly dense subset {z * k }. By Lemma 2.8, there exists a subset E
we may differentiate with respect to t the real and imaginary parts in the above equality, and deduce that for each k ∈ N, there exists a subset E
Since {z * k } is weakly dense in X * , we have
and thus the relation (3.8) holds, as desired.
From this it will follow that the solution of the above initial value problem can be continued to [s+c, s+2c] 
On the other hand, in view of (3.8) and [39, Lemma 1.3], we deduce that
and in view of (3.8), we obtain that
.
, and hence for t ∈ [s, ∞), as claimed. We next prove that the solution v(t) = v(z, s, t) of the initial value problem (3.1) is unique. Suppose ν(t) = ν(z, s, t) is another solution of the initial value problem (3.1) such that ν(z, s, ·) is Lipschitz on [s, ∞) uniformly with respect to z ∈ B r , r ∈ (0, 1). Again fix T > s and r ∈ (0, 1). From (3.5) we deduce that
Taking into account the Gronwall lemma (see e.g. [11] ), we obtain that
We next prove that v(·, s, t) is univalent on B for t ≥ s ≥ 0. Since v(z, s, s) = z is univalent, it suffices to assume t > s. Fix T > s and let z 1 , z 2 ∈ B be such that License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms s, t) . In view of (3.1) and (3.5), we obtain that
for almost all t ∈ [s, T ]. Then by Lemma 2.8, we deduce that
By using the above estimate and applying again Gronwall's lemma, we obtain that
To this end, fix s ≥ 0 and let V (t) = Dv(0, s, t) for t ≥ s. Using the fact that v(z, s, ·) is Lipschitz continuous on [s, ∞) uniformly with respect to z ∈ B r , r ∈ (0, 1), and the Cauchy integral formula for vector valued holomorphic mappings, it is not difficult to deduce that V is also Lipschitz continuous on [s, ∞). Fix w ∈ X \ {0} and let 
on [s, ∞).
On the other hand, for each ζ ∈ U and s ≥ 0, there exists a subset 
Solving the initial value problem (3.9), we obtain the unique locally absolutely continuous solution on [s, ∞) given by W (t) = e (s−t)A (w), i.e., V (t)(w) = e (s−t)A (w) for t ≥ s (cf. [13, Chapter 3] ). Since w is arbitrary, it follows that Also, the condition (3.13) is equivalent to (see [15] and [24] , in the case X = C n )
Proof. First, we prove the relations m(A) > 0 and (3.10). In view of (2.3), we deduce that k + (A) ≥ m(A), and hence m(A) > 0, by (3.13) . [13] ). Hence
On the other hand, if (3.13) holds, then
and thus (3.11) holds too. Conversely, we assume that the integral condition (3.11) holds. First, we prove that
Indeed, fix t > 0 and let λ ∈ σ(A). Then e λt ∈ σ(e tA ), by the spectral mapping Theorem (see [14] ). Let ρ(e tA ) be the spectral radius of the operator e tA . Then
and thus max{e t λ : λ ∈ σ(A)} ≤ e tA , i.e., the relation (3.12) holds. Next, taking into account the relations (3.11) and (3.12), we obtain that
Hence, the relation (3.13) holds, as desired.
We next prove that if k + (A) < 2m(A), then the solution of the initial value problem (3.1) generates an A-normalized univalent subordination chain f (z, t) . This result is a generalization of [24, Theorem 2.3] to the case of reflexive complex Banach spaces (cf. [42] , [44] ; compare [46, Theorems 2 and 3]). 
Proof. We shall use arguments similar to those in the proofs of [24, Theorem 2.3] and [47, Lemmas 4.4] , to prove the existence of the limit (3.14). To this end, fix s ≥ 0 and let u(z, s, t) = e tA v(z, s, t) for z ∈ B and t ≥ s. Also let g(z, t) = h(z, t) − A(z) for z ∈ B and t ≥ 0. Then g(·, t) ∈ H(B), g(0, t) = 0 and Dg(0, t) = 0 for t ≥ 0.
We first prove that u(z, s, ·) is locally Lipschitz continuous on [s, ∞) uniformly with respect to z ∈ B r , r ∈ (0, 1).
Fix s ≥ 0, T > s and r ∈ (0, 1). Also let b = |V (A)| and
Since v(z, s, ·) is Lipschitz continuous on [s, ∞) uniformly with respect to z ∈ B r , r ∈ (0, 1), and since A ≤ e|V (A)|, we deduce in view of the above relations that there exists N = N (r, b) > 0 such that
On the other hand, the operator e A(·) is differentiable on [0, ∞) and
Taking into account the above relation and (3.16), we obtain that We next prove that the limit in (3.14) exists uniformly on B r , r ∈ (0, 1). In view of the local Lipschitz continuity of u(z, s, ·) on [s, ∞) uniformly with respect to z ∈ B r , and the relation (3.17), we deduce that
On the other hand, using (3.4), we have
for z ≤ r < 1 and t ≥ 0. Then, using the relations g(0, t) = 0, Dg(0, t) = 0 and the above inequality, we obtain in view of the Schwarz lemma (see e.g. [41, Theorem 7.19] ) that
In view of the above inequality, the relations (3.2) and (3.18), we deduce that
Since the integral ∞ 0 e (A−2m(A)I)t dt is convergent by (3.11), we deduce from the above inequality that for each ε > 0, there exists t *
In view of Weierstrass' theorem for holomorphic mappings in complex Banach spaces (see e.g. [38] ), we deduce that the limit in (3.14) exists uniformly on B r , r ∈ (0, 1), and f (·, s) is holomorphic on B for s ≥ 0, as desired.
We next prove that the condition (3.15) holds. Using arguments similar to those in the above proof, we deduce that for each r ∈ (0, 1), there exists
Since lim t→∞ e −sA u(z, s, t) = e −sA f (z, s) uniformly on each closed ball B r , we obtain in view of the above relation that
Thus, the relation (3.15) holds, as desired. In view of the uniqueness of solutions to the initial value problem (3.1), we deduce that v(z, s, t) satisfies the following semigroup property
Then (3.14) and the above equality yield that
We next prove that f (z, t) given by (3.14) is a univalent subordination chain. To deduce that f (·, t) is univalent on B for t ≥ 0, we shall use arguments similar to those in the proof of [47, Lemma 4.5]. Let q t (z) = e −tA f (z, t) for z ∈ B and t ≥ 0. We prove that there exists r 0 ∈ (0, 1) such that (3.20) [
In view of (3.15), the Cauchy integral formula for vector valued holomorphic mappings and [41, Theorem 1.10], we deduce that there exist ρ ∈ (0, 1) and L = L(ρ, A) > 0 such that
Now, fix u ∈ X, u = 1, and let z ∈ B ρ/2 . Also, let p u (ζ) = e −tA Df (ζz, t)(u) for |ζ| < 2. Then p u is a holomorphic mapping from the disc U (0, 2) into X. Using the relation
Since Df (0, t) = e tA , we obtain in view of the above relations that
and hence the relation (3.20) holds, as desired. Then
, and hence the mapping q t is univalent on B r 0 for t ≥ 0, in view of [50, Theorem 7] . Now, fix r ∈ (0, 1). Taking into account the relation (3.2), we deduce that
and hence there exists t 0 ≥ s ≥ 0 such that v s,t (z) ≤ r 0 for t ≥ t 0 and z ≤ r.
Since v s,t is univalent on B by Theorem 3.1, we deduce in view of the univalence of f (·, t) on B r 0 that f (v s,t (·), t) is also univalent on B r for t ≥ t 0 . Since
we deduce that f (·, s) is univalent on B r for s ≥ 0. Now, since r ∈ (0, 1) is arbitrary, we conclude that f (·, s) is univalent on B. Finally, since f (0, t) = 0 and Df (0, t) = e tA for t ≥ 0, we deduce that f (z, t) is an A-normalized univalent subordination chain, as desired. This completes the proof.
Taking into account Theorem 3.5, we may introduce the notion of A-parametric representation in reflexive complex Banach spaces and investigate the connection between this notion and A-normalized univalent subordination chains. In the finite dimensional case, see [24] (see also [20] , [23] , [44] ). If A = I and f has I-parametric representation, then we say that f has parametric representation in the usual sense.
The next result yields that if f (z, t) is the univalent subordination chain given by (3.14), then f (z, t) satisfies the generalized Loewner differential equation (3.21) whenever 
·, t) exists and is holomorphic on B for t ∈ [0, ∞) \ E, and for each z ∈ B there exists a set E z with
Proof. First, we prove that f (z, ·) is locally Lipschitz continuous on [0, ∞) uniformly with respect to z ∈ B r , r ∈ (0, 1). To this end, fix T > 0. Also, let 0 ≤ t 1 ≤ t 2 ≤ T . Taking into account the relation (3.15), we deduce that
Hence f (·, T ) is bounded on each closed ball B r , r ∈ (0, 1). Using the Cauchy integral formula for vector valued holomorphic mappings, we deduce that for each ρ ∈ (0, 1), there exists License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms is also Lipschitz continuous on [0, T ] uniformly with respect to z ∈ B r , r ∈ (0, 1). Taking into account the above relations, we obtain that
Consequently, f (z, ·) is locally Lipschitz continuous on [0, ∞) uniformly with respect to z ∈ B r , as desired. We next prove that for each r ∈ (0, 1) and T > 0, there exists a constant K(r, A, T ) > 0 such that
by the Cauchy integral formula for vector valued holomorphic mappings and the polarization formula (see e.g. [41, Theorem 1.10]). Therefore, there exists a constant
On the other hand, since there exists a constant K 2 (r, A, T ) > 0 such that 
Letting δ → 0 and using the fact that Df (z, t) is continuous on B ×[0, ∞) by (3.22), we obtain that
s, t) = −h(v(z, s, t), t) for t ∈ [s, ∞) \ (E ∪ E z,s ) and for all z ∈ B, we deduce in view of the above relation that ∂f ∂t (v(z, s, t), t) = Df (v(z, s, t), t)h(v(z, s, t), t) for t ∈ [s, ∞) \ (E ∪ E z,s ).
Let Q 0 be the set of nonnegative rational numbers and let
t), t)h(v(z, s j , t), t).

Letting j → ∞ in the above and using the fact that v(z, ·, t) is continuous on [0, t] and
as desired. This completes the proof. License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms
Proof. In view of Proposition 3.7, ∂f ∂t (·, t) exists and is holomorphic on B for t ∈ [0, ∞) \ E, and for each z ∈ B there exists a set E z with E ⊂ E z ⊂ [0, ∞) of measure 0 such that (3.21) holds for t ∈ [0, ∞) \ E z . Since X is separable, there exists a sequence {z j } in B which is dense in B.
for j ∈ N, the relation (3.25) holds, as desired. This completes the proof. and g(z, ·) is strongly locally absolutely continuous on [0, ∞) for z ∈ B. Assume that there exists a set E ⊂ [0, ∞) of measure zero such that ∂g ∂t (z, t) exists for t ∈ [0, ∞) \ E and z ∈ B, and g(z, t) satisfies the generalized Loewner differential equation
where h = h(z, t) is a generating vector field. In this case, we say that g(z, t) is a standard solution of the generalized Loewner differential equation (3.26). 
We next prove that if
for each z ∈ B and s ≥ 0. Assume that there exists a standard solution f (z, t) = e tA z +· · · of the generalized Loewner differential equation (3.26) . Also, assume that for each r ∈ (0, 1), there exists M = M (r, A) > 0 such that
Then f (z, t) is an A-normalized univalent subordination chain with transition mapping v(z, s, t) and such that
uniformly on B r , r ∈ (0, 1).
Proof. First, we prove that f (z, ·) is locally Lipschitz continuous on [0, ∞) uniformly with respect to z ∈ B r for r ∈ (0, 1). To this end, fix r ∈ (0, 1) and T > 0. Using the relation (3.27) and the Cauchy integral formula for vector valued holomorphic mappings, we deduce that there exists a constant
On the other hand, taking into account the above inequality, the relations (3. Proposition 3.12. Let A ∈ L(X) satisfy the condition k + (A) < 2m(A). Also, let f (z, t) be an A-normalized univalent subordination chain, which satisfies the condition (3.27) . If v(z, s, t) is the transition mapping associated with f (z, t) , then for s ≥ 0,
uniformly on each closed ball B r , r ∈ (0, 1).
In view of Theorems 3.5 and 3.10, we obtain the following characterization of A-parametric representation on the unit ball B (cf. [23] , [24] ; compare [45] ). uniformly on B r , r ∈ (0, 1), and f (z, s) is an A-normalized univalent subordination chain, which satisfies (3.27). Clearly, v(z, t) = w(z, 0, t) for z ∈ B and t ≥ 0, and thus f = f (·, 0), as desired.
(ii) Conversely, we assume that there is a standard solution f (z, t) = e tA z + · · · of the Loewner differential equation (3.26) , which satisfies the condition (3.27), and such that f = f (·, 0). Then f (z, t) is an A-normalized univalent subordination chain by Theorem 3.10, and the conclusion follows in view of the relation (3.28) . This completes the proof.
Remark 3.14. Taking into account Remark 3.11, we deduce that the conclusion of Corollary 3.13 (ii) does not hold if k + (A) = 2m(A).
The following results provide examples of mappings which have parametric representation. The first result provides a necessary and sufficient condition for a normalized locally biholomorphic mapping on B to be spirallike (see [24] in the case X = C n ). We next prove that any spirallike mapping with respect to a linear operator A that satisfies the condition k + (A) < 2m(A) has A-parametric representation (see [24] for X = C n ; compare [18, Proposition 3.7.5] , [47, Theorem 4.3] ; see also [17] ).
and let f be a spirallike mapping with respect to A. Then f has A-parametric representation.
where
Since f is spirallike with respect to A, h is a generating vector field. We next prove that f is uniformly bounded on each closed ball B r for r ∈ (0, 1). Indeed, fix r ∈ (0, 1) and let v(z, s, t) be the unique Lipschitz continuous solution on [s, ∞) of the initial value problem (3.1). Also, let f (z, s, t) = f (v(z, s, t), t). Then we have In view of Corollaries 3.15 and 3.16, we obtain the following characterization of starlikeness in terms of univalent subordination chains and parametric representation (see [20] and [44] , in the case X = C n ; cf. [18] , [47] , [50] ). We now give an example of a biholomorphic mapping on the unit ball B of the complex Hilbert space 2 which is not bounded on B r , for r sufficiently close to 1.
biholomorphic on 2 and is not bounded on B r for r ∈ (2/3, 1). 
is a bounded linear operator from 2 to 2 . Since
it follows that
for all y with |x n | + y < 1/2 for all n > N. Then f is a holomorphic mapping from 2 to 2 . Also, F is a holomorphic mapping from 2 to 2 . Let {e ν } be the natural orthonormal basis of 2 . Let a ν = (2/3)e ν . Then a ν = 2/3 < 1 for all ν. However,
Thus F is unbounded on B r for r ∈ (2/3, 1). Next, we show that F is univalent on 2 . Let x, y ∈ 2 be such that F (x) = F (y). Then we have x 1 = y 1 and x n+1 + f n+1 (x n ) = y n+1 + f n+1 (y n ) for n ≥ 1. By induction, we have x = y. Thus, F is univalent on 2 , as desired. Finally, we prove that the mapping F is biholomorphic on 2 . To this end, we prove that DF (x) is a bijective mapping from 2 to 2 , and since F is univalent on 2 , it follows that F is biholomorphic on 2 . Indeed, for fixed x ∈ 2 , we have
It is clear that DF (x) is an injective mapping from 2 to 2 . Hence, it suffices to show that DF (x) is a surjective mapping from 2 to 2 . For any y = (y 1 , y 2 , y 3 , . . .) ∈ 2 , let v 1 = y 1 . We will define v n+1 for n ≥ 1 inductively as follows:
There exists a number , let f (z, t) be the A-normalized univalent subordination chain given by (3.14) . Assume that there exists a standard solution g(z, t) of the generalized Loewner differential equation (3.26) . If for each r ∈ (0, 1), there exists
Proof. 
be the power series expansion of the mapping g t into homogeneous polynomials. Since the mapping e −tA g(·, t) is bounded on B r for r ∈ (0, 1) and t ≥ 0, in view of (4.2), we deduce that the above series converges uniformly on each closed ball B r , r ∈ (0, 1), by [19, Theorem II.4.10 
We shall prove that lim t→∞ e
In view of the Cauchy integral formula, the relation (4.2) and the formula for the remainder in the power series expansion, we deduce that for each r ∈ (0, 1), there exists some L = L(r, A) > 0 such that R(z, t) ≤ L z 2 for z ≤ r and t ≥ 0. Taking into account (3.2) and the above inequality, we deduce that
for all z ∈ B r and t ≥ s ≥ 0. In view of (3.10) and the above relation, we deduce that lim t→∞ e tA R(v s,t (z), t) = 0 uniformly on B r , r ∈ (0, 1), as desired. Finally, letting t → ∞ in (4.3) and using the above relation and (3.14), we conclude that g(z, t) ≡ Ψ(f (z, t)), where Ψ = Dg(0, 0). This completes the proof. Remark 4.4. Corollary 4.3 yields that the holomorphic vector field h is linearizable on the unit ball B (cf. [1] ). Linearization models for holomorphic mappings in C n were considered by Bracci, Elin, and Shoikhet [10] .
Open problems and conjectures
It would be interesting to prove or disprove the following conjecture in the case of reflexive complex Banach spaces. This conjecture is true if X = C n (see [24] ).
Conjecture 5.1. Let A ∈ L(X) be such that k + (A) < 2m(A). If f (z, t) is the A-normalized univalent subordination chain given by (3.14) , then f (·, t) is biholomorphic on B for t ≥ 0, and f (z, t) is a standard solution of (3.26).
Remark 5.2. Let S be the family of normalized univalent functions on the unit disc U in C. It is well known that f ∈ S if and only if there exists a Loewner chain f (z, t) such that f = f (·, 0) (see [43] ). In C n , n ≥ 2, such result does not hold for the full family S(B n ) of normalized biholomorphic mappings on the unit ball B n in C n (see [20] and [44] ). However, if A ∈ L(C n ) is such that k + (A) < 2m(A), then f ∈ S(B n ) has A-parametric representation if and only if there exists an A-normalized univalent subordination chain f (z, t) such that {e −tA f (·, t)} t≥0 is a normal family on B n and f = f (·, 0) (see [24] ; cf. [20] , [44] ). In connection with Corollary 3.13, it would be interesting to prove or disprove the following conjecture:
Conjecture 5.3. Let A ∈ L(X) be such that k + (A) < 2m(A). Also, let f (z, t) be an A-normalized univalent subordination chain such that the condition (3.15) holds. Then f = f (·, 0) has A-parametric representation.
In the finite dimensional case X = C n , every Loewner chain satisfies the generalized Loewner differential equation (see [20] ). In connection with Corollary 3.8, it is natural to investigate the following question: Question 5.5. Let A ∈ L(X) be such that k + (A) < 2m(A) and let f t (z) = f (z, t) be the A-normalized univalent subordination chain given by (3.14) . Also, let Ω = t≥0 f t (B). Is it true that Ω = X?
In the case X = C n , the answer to the above question is positive (see [15] ).
We close this section with the notion of asymptotic spirallikeness, a natural generalization of spirallikeness. In the case X = C n , this notion provided an interesting geometric characterization of univalent subordination chains ( [24] ; cf. [45] ). Note that any spirallike mapping with respect to an operator A ∈ L(X) is Aasymptotically spirallike. Also, any normalized starlike mapping is asymptotically starlike.
In a forthcoming paper [26] , we shall investigate the following question: 
